We prove a multiplicity result of Ambrosetti-Prodi type problems of higher order. Proofs are based on upper and lower solutions method for higher order periodic boundary value problems and coincidence degree arguments.
INTRODUCTION
This paper is devoted to the study of a multiplicity result for higher order ordinary differential equations of the form x(n)(t) +f(t, x(t)) S on J [0, 27r], x (i) (0) X (i) (271"), 0, 1,..., n 1, (1,) The present studies were supported by the Basic Science Research Institute Program, Ministry of Education, Korea, 1994, Project No. BSRI-94-1410. where s is a real parameter and f: J x R R is a Carath6odory function. Throughout this paper, we assume that f is 2r-periodic in the first variable. Assuming the following coerciveness condition lim f(t, x) oc uniformly in E J,
we may consider the existence of multiple solutions of (1s), the so-called Ambrosetti-Prodi type problem. In 1988, among their general set-up of differential operator L, Ding and Mawhin [3] have proved under the assumption f(t,x)-g(x)+e(t,x), where g is continuous with the coerciveness condition and e is of Carath6odory type, uniformly bounded by an L1-function, that there exist So and 2 with So <_ such that (1.) has no, at least one or at least two solutions according to s < So, s-or s > . When n is even, they require an additional growth restriction on g. i.e. there exists 7 E (0, 1) such that (g(x) g(y))(x y) >_ -7(x y)2, x,y E R.
In this case, assuming e(t, x)= e(t) has zero mean value, they also prove that there exists So such that (ls) has no, at least one or at least two solutions according to s < So, s So or s > So.
Allowing joint dependence of (t,x) in the nonlinear terms, Ramos and Sanchez [6] deal with a number of situations in which one of the above results can be established. Among others, when n is even and f is continuous and coercive and the following condition holds: there exists 7 (0, 1) such that (f(t,x) -f(t,y))(x-y) >_ -7(x-y)2, for all J and x,y R, they prove the second result in [3] .
In this paper, we give a similar result as Ramos and Sanchez [6] with no restriction on the order n. More precisely, if f is continuous satisfying (H) and the following condition holds: there exists M (0, A(n)) such that (f(t,x) -f(t,y))(x y) >_ -M(x y)2, for all J and x, y R,
where A(n)-n!/Tr"(n-1)"-1, then (Is) satisfies the conclusion of the second result in [3] . The proof is based on the method of upper and lower solutions for higher order ordinary differential equations introduced in [2] We present some maximum principles for the operator L. LEMMA (Cabada [1] ) Let A(n)-n!/r(n-1)n-1. Then the operator L is inversepositive in F for M (0, A(n)), andL is inverse negative in F for M (-A(n), 0).
We notice that the second statement of Lemma can be restated as follows; D-MI is inverse negative in F' for M (0, A(n)). 
a.e. tJ,
The following theorem is proved by Cabada [2] , but here we give a different proof for reader's convenience, since part of the proof is useful to continue arguments in the proof of Theorem 3 in Section 3. The proof essentially follows Theorem 1.1 in [4] .
THEOREM
Assume that a and fl are lower and upper solutions of (2) respectively with a(t) <_/3(0, for all E J. Also assume that f satisfies that there exists M (0, A(n)) such that f(t,a(t)) + Ma(t) <_f(t,x) + Mx <_f(t, fl(t)) + M/3(t), (H2) for a.e. e J with a(t) <_ x <_ fl(t). Then (2) has a solution x such that a(t) <_ x(t) <_/3(0, for all J.
Proof Let us consider the modified problem X(n) t) + F(t, x(t) 0
where F'J x R R is defined by
Obviously, a similar argument applies to show that a(t) <_ x(t) for all E J.
Therefore we get <_ x(t) <_ for all E J.
It remains to prove that (3) has at least one solution. To this purpose, consider the homotopy X(n)(t) (1 A)Mx(t) + AF(t,x(t)) 0 a.e. on J
where A [0, 1] . First of all, we will obtain a priori estimate for all possible solutions of (4) . Let x be a solution of (4) . We do the case when n is odd first. Multiplying both sides of (4) by x and integrating on J, 
When n is even, multiplying both sides of (4) by 2 and integrating on J, we get for p-n/2, (3c) Let s (so, S1], , E (So, S) and let 2 be a solution of (1) known to exist by Theorem 2. Then -R and 2 are lower and upper solutions of with -R < 2(t), for all J. Let '-1 {X C027r(J) -R < x(t) < fc(t), J}, then 21 c f. By (3b) and Remark 1, solutions of(ls) never lie on 0fl. Thus DL(L + Ns,. fl) is well-defined. To compute the degree, let us consider a modified problem:
x(n)(t) + F(t,x(t)) 0 and g is also such that there exists M E (0, A(n)) for which (g(x) g(y))(x y) >_ -M(x y)2, for all x, y R. Then for any given h L(J), there exists a real number So such that (6s) has (i) no solution for s < So, (ii) at least one solution for s So, (iii) at least two solutions for s > So.
